ABSTRACT. We write down the local equations that characterize the submanifolds N of a Dirac manifold M which have a normal bundle that is either a coisotropic or an isotropic submanifold of T M endowed with the tangent Dirac structure. In the Poisson case, these formulas prove again a result of Xu: the submanifold N has a normal bundle which is a coisotropic submanifold of T M with the tangent Poisson structure iff N is a Dirac submanifold. In the presymplectic case it is the isotropy of the normal bundle which characterizes the corresponding notion of a Dirac submanifold. On the way, we give a simple definition of the tangent Dirac structure, we make new remarks about it, and we establish characteristic, local formulas for various interesting classes of submanifolds of a Dirac manifold.
Introduction
The framework of the present paper is the C ∞ category. We will denote by Ω k spaces of differential k-forms, by χ k spaces of k-vector fields, by Γ spaces of differentiable cross sections of vector bundles, and we will use the Einstein summation convention.
The Dirac structures were introduced in the study of constrained systems and unify Poisson and presymplectic geometry [1] . We will recall their definition later. A pair (M, D) that consists of an n-dimensional manifold M and a Dirac structure D on M is called a Dirac manifold. We started the study of submanifolds of a Dirac manifold in [11] , where we noticed the classes of properly normalized, totally Dirac and cosymplectic submanifolds. These classes extend the Poisson-Dirac with Dirac projection, Lie-Dirac (Dirac) and cosymplectic submanifolds of a Poisson manifold, respectively [13, 3] .
In [13] , Xu proved that the Dirac submanifolds of the Poisson manifold (M, P ) are characterized by the nice property of having a normal bundle which is a coisotropic submanifold of the tangent manifold T M endowed with the tangent Poisson structure. The latter is defined by the complete lift [14] of the bivector field P . All the terms of Xu's result, including the notion of a tangent Dirac structure [2] , are also defined for Dirac manifolds, and Xu's result indicates that one may expect interesting connections between the geometry of a submanifold N of a Dirac manifold M and the geometry of a normal bundle of N in the tangent manifold T M. This is the motivation of the present paper.
We will discuss the geometric configuration of Xu's result in the general case of a Dirac manifold. The terms of the theorem are either new or not popular, and are based on either new or not popular geometric constructions. Accordingly, it is an objective of the paper to explain these terms in detail. Particularly, we recall the general construction of the vertical and complete lifts of tensor fields from a manifold M to the total space of the tangent bundle T M, and the main properties of these operations [14] . We use these lifts in order to give a simple definition of the tangent Dirac structure and make some new remarks about it.
Then, we turn to submanifolds. We define various classes of submanifolds of a Dirac manifold and characterize them via local coordinates and bases. Furthermore, we obtain the local conditions that characterize submanifolds N of (M, D) with a normal bundle νN which is either a coisotropic or an isotropic submanifold of T M. These formulas imply the result proven by Xu in the case of Poisson manifolds. Another consequence of the established formulas is that the analogs of Dirac submanifolds of a presymplectic manifold M are characterized by the existence of a normal bundle which is isotropic in T M.
Complete and vertical lifts revisited
Let M be an n-dimensional, differentiable manifold and T M be the total space of its tangent bundle. In the space of differentiable functions C ∞ (T M) one has the important linear subspace L(T M) of the fiberwise linear functions, the latter being functions of the form
In particular, if we denote by x i (i = 1, ..., n) local coordinates on M and by v i the corresponding natural coordinates on the fibers of T M (i.e., coordinates of tangent vectors with respect to the bases (∂/∂x i )), we have
is functionally spanned by the set of functions (π
In what follows the function π * f will be denoted again by f .
Two other ingredients also are of great importance in the geometry of T M.
The first is the Euler vector field E ∈ χ 1 (T M) of infinitesimal homotheties of the fibers, which is characterized by
and has the local expression
The second is the tangent structure tensor field S ∈ Γ(End T (T M)), which is characterized by
where
, and has the local expression
If, as usual, we denote by V ⊆ T (T M) the subbundle tangent to the fibers, called the vertical bundle, we have (2.6)
and S has a vanishing Nijenhuis tensor:
Firstly, using the ingredients introduced above and denoting
There exists a unique homomorphism of real tensor algebras that sends a tensor t ∈ T
where α ∈ T *
x M, X ∈ T x M, and X ∈ T v (T M) is any vector such that π * X = X. Moreover, the vertical lift of a differentiable tensor field is a differentiable tensor field and, for differential forms, the vertical lift commutes with the exterior differential.
Proof. We notice that ∀λ ∈ T *
The assertions about tensor fields and differential forms follows from the fact that in the case of a differential form Φ (functions included) one has Φ V = π * Φ, and in the case of a vector field
Secondly, we define an operation on tensor fields known as the complete lift [14] . For any vector field X ∈ χ 1 (M), the flow exp tX lifts to a local 1-parameter Lie group (exp tX) * on the manifold T M, which is defined by a vector field
and it is easy to check that [14] (2.11)
Furthermore, one has
There exists a unique homomorphism of real linear spaces which sends a tensor field P ∈ ΓT
C is given by (2.11), and (2.14)
Proof. Notice that the lift f C of a function was chosen such that for any vector field seen as X : M → T M the pull back f C • X = Xf . The definition of f C and condition (2.14) compel us to define the complete lift of a 1-form α ∈ Ω 1 (M) by
The corresponding local coordinate expression is
and for any vector field X : M → T M the pull back of α C is given by
where L denotes the Lie derivative. Finally, condition (2.14) uniquely defines the complete lift of an arbitrary tensor field because this condition is compatible with associativity.
We also indicate the following properties of the complete lift: a) [14] The complete lift of a k-form
Indeed, a straightforward calculation shows that this condition holds for functions and 1-forms. Then, the condition for an arbitrary form follows by expressing the latter locally as a real linear combination of exterior products of 1-forms and using (2.14). b) [14] The Lie derivative of a tensor field Φ ∈ ΓT p q (M) has the following lifts:
It is enough to check (2.17) for functions, vector fields and 1-forms, and this can be done with the already explained formulas (2.8) -(2.13). Then, the general result follows from (2.14).
c) The complete lift of a k-vector field P ∈ χ k (M) is a k-vector field P C ∈ χ k (T M) and the Schouten-Nijenhuis bracket satisfies the condition
C . This follows by expressing P, Q locally as real linear combinations of exterior products of vector fields, using the expression of the Schouten-Nijenhuis bracket of such exterior products (e.g., [9] ) and (2.13), (2.14) .
As an application of property c), if P ∈ χ 2 (M) is a Poisson bivector field on M, i.e. [P, P ] = 0, then P C is a Poisson bivector field on the manifold T M. The Poisson structure defined by P C is called the tangent Poisson structure and it was used by many authors ( [2, 12] , etc.).
d) The complete lifts X C of all the vector fields X ∈ χ 1 (M) span a generalized foliation of T M such that, if we identify M with the zero section of T M, the leaves through points of M are the connected components of M and the leaf through v ∈ T M, v = 0, is the connected component of v in T M\M. Indeed, by (2.10), at a point v = 0 we have
and at a point v = λ i (∂/∂v i ) such that, for instance, λ 1 = 0, we have
Finally, we refer the reader to [6] and the references therein for generalizations of the lift operations discussed above.
Tangent Dirac structures
Now, we will use the complete and vertical lifts in order to define the notion of a tangent Dirac structure, first introduced by Courant [2] , and make some new remarks about it.
The Dirac structures are defined as a class of subbundles of the vector bundle
The bundle E(M) has several interesting geometric objects. The first is the non degenerate metric of zero signature
where X, Y are tangent vectors and α, β are tangent covectors at x ∈ M. The second is F ∈ ΓEnd(E(M)) given by
which is a so-called para-Hermitian structure [4] . The third object is the non degenerate 2-form
The almost Dirac structure may be interpreted in terms of T M alone. Namely [1] , A yields the pair (A, ̟), where A is the generalized distribution defined as the natural projection of A on T M and, ∀x ∈ M, ̟ x ∈ ∧ 2 A * x is the 2-form induced by ω of (3.3) (∀X, Y ∈ A x , the value produced by (3.3) does not depend on the choice of α, β). Conversely, the pair (A, ̟) allows us to reconstruct A as follows
The next important thing for the bundle E(M) is the Courant bracket, which is the operation defined on ΓE(M) by [1] 
where X, Y are vector fields and α, β are differential 1-forms on M, [X, Y ] is the usual Lie bracket and L denotes the Lie derivative. The Courant bracket is skew-symmetric but satisfies a more complicated than the Jacobi identity. In [1] , it was proven that the almost Dirac structure is Dirac iff the equivalent pair (A, ̟) satisfies the following conditions: i) A is a generalized foliation, ii) the form ̟ is closed along the leaves of A. This means that the leaves of A are presymplectic manifolds (of a non constant rank!) and are called the presymplectic leaves of D. If the leaves are symplectic D is equivalent with a Poisson structure. Namely, if P is the corresponding Poisson bivector field, the Dirac structure is
If the leaves are the connected components of M, D is a presymplectic structure on M with the presymplectic form ̟ such that
Another fundamental property of a Dirac structure is that the restriction of the Courant bracket (3.5) to ΓD makes D into a Lie algebroid where the anchor is projection on T M (e.g., [9] ).
In [2] , a Dirac structure of M was lifted to the manifold T M. In what follows, we give a simpler definition of this lift. For this purpose we look at the locally free C ∞ (M)-module sheaf D of rank n of the germs of cross sections of D, where C ∞ (M) is the sheaf of germs of differentiable functions on M (e.g., [8] ). Then, we get
is locally free of rank 2n and it is isomorphic with the sheaf of germs of cross sections of a Dirac structure D tg on T M.
Proof. Firstly, we show that the sheaf D tg is locally free of rank 2n. If (B i , ǫ i ) (i = 1, ..., n) is a local basis for the sheaf D on M, an arbitrary germ (X, α) ∈ D is of the form
(If we assume that
and use formulas (2.10), (2.16), linear independence follows from that of (B i , ǫ i ).) Thus [8] , D tg is isomorphic with the sheaf of germs of cross sections of the vector bundle with local trivialization bases (B
, which may be identified with a vector subbundle D tg of T (T M). Furthermore, if we denote by indices M and T M, respectively, objects on the two manifolds, formulas (3.1), (3.3) and (2.12), (2.15) give (3.8)
and similar formulas relate ω T M to ω M . These formulas ensure the isotropy property for D tg . Finally, from (3.8) for ω, (2.11) -(2.13) and property b) of the complete lift given at the end of Section 1, we get the following formulas for Courant brackets:
These formulas, and the fact that a Dirac structure is a Lie algebroid, ensure that D tg is closed by Courant brackets. The comparison of the generating pairs of D tg with the bases produced by the computations of [2] or with the alternative definition of the reviewer of that paper [5] shows that the tangent Dirac structure of Definition 3.3 is the same as that of [2] .
Remark 3.1. The tangent Dirac structure is invariant by the operator S of the tangent structure of the manifold T M. Indeed, the action of S is defined by S(X , Ξ) = (SX , Ξ • S) (X , Ξ) ∈ D tg ), and the definitions of Section 1 yield
Example 3.1. A Poisson structure of M defined by the bivector field P with [P, P ] = 0 is equivalent with the Dirac structure D P given by (3.6). From (2.12) and (2.15), it follows easily:
Hence, the tangent Dirac structure of D P is the Poisson structure defined on T M by the bivector field P C , which is the usual definition of a tangent Poisson structure. Similarly, if M has a presymplectic structure defined by the closed 2-form ̟, this structure may be seen as the Dirac structure D ̟ given by (3.7) and the tangent Dirac structure of D ̟ is the presymplectic structure defined on T M by ̟ C .
Example 3.2. The construction of the tangent Dirac structure extends to complex Dirac structures L ⊆ E(M)⊗ R C. Such a structure L is a generalized complex structure of M if L∩L = 0 [7] . By looking at a complex basis (B i , ǫ i ) of L, it follows easily that if L is a generalized complex structure the same is true for its tangent structure L tg . Therefore, the tangent manifold of a generalized complex manifold is a generalized complex manifold, again, in a canonical way. If M has a usual complex structure, L is the direct sum of the holomorphic tangent bundle of M and the anti-holomorphic cotangent bundle [7] , and L tg has the similar structure for the usual complex structure of T M. On the other hand, if the generalized complex structure is defined by a symplectic form ω on M, L is the complexification of the Dirac structure D ω of (3.7) [7] , and the generalized complex structure of T M is defined by the symplectic form ω C .
Now, we will give some more results about the tangent Dirac structure.
Proposition 3.2. If S is a presymplectic leaf of D on M with the presymplectic form ̟ and if v ∈ T S, the presymplectic leaf of D tg through v is the tangent manifold T S ⊆ T M, and its presymplectic form is ̟ C , where the complete lift is from S to T S.
Proof. Obviously, the tangent space of the presymplectic leaf
, where X is a vector field tangent to the presymplectic leaf S x (D). In particular, if v ∈ T S, we get the first part of the proposition. Furthermore, if ̟ is the presymplectic form of the leaf S we have [1] (3.10)
where X, Y ∈ T S, (X, α), (Y, β) ∈ D and the form ω is defined by formula (3.3). Then, the definitions and properties of the complete and vertical lifts yield (3.11)
and we are done.
We recall that a Poisson structure P is called homogeneous if there exists a vector field Z such that (3.12)
It is well known that the tangent Poisson structure P C of any Poisson structure P of M is homogeneous with Z = E, where E is the Euler vector field (2.3). The generalization of homogeneity to Dirac structures D is the condition
which reduces to (3.12) in the Poisson case [11] . Now, we get Proposition 3.3. For an arbitrary Dirac structure D of M, the tangent Dirac structure D tg is homogeneous with Z = E.
Proof. The Euler field E satisfies (2.2) and also
which follows by easy, local coordinates calculations. Thus, the result is proven if we show that
The examination of the corresponding scalar products shows that this is the case indeed. 
From (3.15), it follows that the equivalent, locally free sheaf of rank 2n is spanned by (X C 
Submanifolds of a Dirac manifold
We begin by defining various classes of submanifolds of a Dirac manifold. More details and motivation on that may be found in [11] . For simplicity, all the submanifolds are assumed to be embedded submanifolds. It follows easily that condition (4.1) is equivalent with
and D| N ∩ (T N ⊕ T * N) is a differentiable Dirac structure of N equal to the pull back of D by the embedding of N in M [11] . Therefore, a properly normalizable submanifold has a well defined induced Dirac structure. If D comes from a Poisson structure a properly normalizable submanifold is a Poisson-Dirac submanifold which admits a Dirac projection in the sense of [3] . If D comes from a presymplectic form σ the submanifold N is properly normalizable iff there exists a normal bundle νN of N which is σ-orthogonal to N.
In [11] we have defined an interesting invariant of a properly normalized submanifold called the second fundamental form of (N, νN)) in (M, D) . This invariant associates with every pair (X, α),
* N with the value on Z ∈ νN given by
The result is independent of the choice of the extensions because the right hand side of (4.3) is C ∞ (M)-linear in all arguments. In order to define another class of submanifolds we notice the existence of the field of subspaces along N (4.4)
(ann denotes the annihilator space). This field may not be differentiable and the subspaces may have various dimensions and may intersect T x N. For these reasons we will say that H(N, D) is the pseudo-normal field of N with respect to D. In [11] , it was proven that, if N is a cosymplectic submanifold, (N, νN = H (N, D) ) is a properly normalized submanifold, that N is cosymplectic iff
that the induced Dirac structure of a cosymplectic submanifold is Poisson and, along N, one has (4.6)
where Π ∈ χ 2 (N) is the bivector field of the induced Poisson structure and σ ∈ Γ(∧ 2 ann T N ) is a 2-form the graph of which is (N, D) ). If D comes from a Poisson structure the notion of a cosymplectic submanifold is the known one [13] . If D comes from a presymplectic form σ the submanifold N is cosymplectic iff the pull back of σ to N is non degenerate.
Because of (4.5) we give the following definition:
is called the cosymplecticity default of the submanifold N of (M, D).
It turns out that the second fundamental form of a cosymplectic manifold vanishes [11] . This property is the source of One can see [11] that, if D comes from a Poisson structure, a totally Dirac submanifold is just a Dirac submanifold in the sense of Xu [13] (in [3] these were called Lie-Dirac submanifolds). Indeed, if P is the Poisson bivector field, the second fundamental form of N becomes B((i(α)P, α), (i(β)P, β))(Z) = (LZP )(α, β) ∀α, β ∈ T * N (then i(α)P, i(β)P ∈ T N because of the proper normalization property), and, if B = 0, we are in the case where P is soldered to (N, νN) [10] . Similarly, if D = D σ where σ is a presymplectic form on M, for the properly normalized submanifold (N, νN) we get
and the vanishing of this form, together with νN ⊆ T ⊥σ N means that σ is soldered to (N, νN) in the sense of [10] .
Finally, in accordance with the Poisson case, we also define Definition 4.5. A submanifold N of a Dirac manifold (M, D) is coisotropic if the conditions α ∈ ann T N and (X, α) ∈ D imply X ∈ T N. Dually, N is an isotropic submanifold of (M, D) if the conditions X ∈ T N and (X, α) ∈ D imply α ∈ ann T N .
In the presymplectic case the coisotropy and isotropy properties are the classical ones (i.e., T ⊥σ N ⊆ T N and T ⊥σ N ⊇ T N, respectively, where σ is the presymplectic form). In the Poisson case, N is coisotropic iff, ∀x ∈ N, T x N ∩ T S is a coisotropic subspace of T S, respectively, N is an isotropic submanifold of S, S being the symplectic leaf through x. Obviously, N is a coisotropic submanifold of (M, D) iff its pseudo-normal field satisfies the condition H(N, D) ⊆ T N. Now, we shall explain how to represent a Dirac structure D of M in the neighborhood of a point x 0 of a submanifold N of M by means of local bases.
Using a tubular neighborhood of N with fibers tangent to a chosen normal bundle νN, we get local coordinates (x u , y a ) (u = 1, ..., dim N; a = 1, ..., codim N) around x 0 such that x u are coordinates along N and y a are coordinates along the tubular fibers. Then the local equations of N are y a = 0, and
On the coordinate neighborhood obtained above (shrunken if necessary), we may consider a basis of D that consists of n independent pairs (B u , ǫ u ), (C a , τ a ) where
In these, and in all the formulas that follow, our convention is that any index of coordinates x takes the same values as the index u and any index of coordinates y takes the same values as the index a. Of course, these bases must satisfy the conditions implied by the definition of a Dirac structure namely, isotropy:
and integrability:
We also add that the tangent distribution of the presymplectic foliation of D is (4.12) A(D) = span{B u , C a } and the presymplectic form ̟ is determined by
In what follows we write down the characteristic conditions for the various classes of submanifolds. Definition 4.1 shows that N is a properly normalizable submanifold of (M, D) iff it has a normal bundle νN such that there exist local bases (4.9) of D which satisfy the conditions Back to a properly normalized submanifold (N, νN), with (4.3) we can compute the components of the second fundamental form with respect to adapted bases, and the result is Finally, Definition 4.5 shows that a submanifold N is coisotropic if the coefficients of the formulas (4.9) are such that ∀(λ u , λ ′ a ) one has
The condition for an isotropic submanifold is obtained by reversing the sense of the implication in (4.18).
Now, we have all the ingredients required to discuss the result of Xu quoted in Introduction in the framework of Dirac manifolds. We will deduce the conditions for a submanifold N of a Dirac manifold (M, D) to have a normal bundle νN which is either a coisotropic or an isotropic submanifold of (T M, D tg ), and obtain some geometric conclusions of these conditions. We consider a point x 0 ∈ N, a normal bundle νN of N in M, and the local coordinates and bases of formulas (4.9) around x 0 . Then, if we denote by (v u , w a ) the corresponding natural coordinates on the fibers of T M, the submanifold νN ⊆ T M has the local equations y a = 0, v u = 0, and
With the bases (4.9) the tangent Dirac structure D tg is locally spanned
By writing down a linear combination of these pairs with coefficients λ u , ν a , µ u , ξ a we get a local cross section (Ξ, Ψ) of D tg which has the property Ψ ∈ ann(T νN) iff (4.23)
The same cross section (Ξ, Ψ) satisfies the condition Ξ ∈ T (νN) iff
Therefore, we have proven As consequences of Proposition 4.1 we get Proposition 4.2. [13] A submanifold N of a Poisson manifold M with the Poisson bivector field P is totally Dirac iff it has a normal bundle νN which is a coisotropic submanifold of (T M, P C ).
Proof. Using coordinates as in (4.9) we may write for y = 0. Obviously, the first system implies the second iff Q ua = 0, ∂P us /∂y h = 0 for y = 0. These exactly are the conditions for N to be a (totally) Dirac submanifold [13] .
Similarly, we have Proposition 4.3. A submanifold N of a presymplectic manifold M with the closed 2-form σ is totally Dirac iff it has a normal bundle νN which is an isotropic submanifold of (T M, σ C ). Then, the system (4.23) becomes µ u σ us − ξ a ϕ sa = 0, λ u ϕ uh + ν a θ ah = 0, λ u ∂σ us ∂y h − ν a ∂ϕ sa ∂y h = 0 for y = 0, and the system (4.24) becomes µ u = 0, ν a = 0. The latter conditions imply the former iff ϕ ua = 0 and ∂σ us /∂y h = 0 for y = 0. These are the conditions that characterize a totally Dirac submanifold of a presymplectic manifold. H(N, D) ))] must satisfy both (4.23) and (4.24), which, modulo (4.14) and (4.15), include the conditions µ u = 0, ν a = 0 and do not restrict the coefficients ξ a . Therefore, D tg ∩ [T (H(N, D) ) ⊕ ann(T (H(N, D) ))] has a basis which consists of the pairs (C From these formulas, we see that νN is never coisotropic in (T M, π * (D)).
